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Let X be a Banach space, C a bounded closed subset of X, A a convex closed 
subset of X, d a complete metric space formed by all a-nonexpansive mappings 
f: C + A and X a complete metric space formed by o-nonexpansive differentiable 
mappings f: CAX. The following assertions are proved in this paper: 
(1) Properness of Z -f is a generic property in b; (2) the subset of 8 formed by all 
a-contractive mappings is of Baire first category in 8; and (3) for every y  E X, the 
functional equation x -f(x) = y  has generically a finite number of solutions for fin 
A’. Some applications to the fixed point theory and calculation of the topological 
degree are given. 0 1985 Academic Press, Inc. 
A property is said to be generic in a Baire space E if it holds in a residual 
subset of E. In this paper we derive some generic properties in complete 
metric spaces of a-nonexpansive mappings (see definitions in Section 1). In 
Section 1 we consider the space B formed by all a-nonexpansive mappings 
from C into A, where C is a bounded closed subset of a Banach space X and 
A c X is a convex closed set. This space is endowed with the topology of 
uniform convergence. It is known that for every a-contractive mapping 
S: C+ A, the mapping I-f (1 identity in X) is proper. This result is no 
longer true when f is a-nonexpansive, as it can be seen taking f = I if C is a 
noncompact set, However, we prove in Theorem 1 that properness of Z -f is 
a generic property in 8. From Theorem 1 we easily obtain some generic 
fixed point theorems for a-nonexpansive mappings which generalize some 
results in [2,4, 71. In order to better clarify the results in this paper and 
those in [2,4, 71 we prove in Theorem 4 that the set of a-contractive 
mappings is of Baire first category in 8. The corresponding result for 
contractive mappings in a space of nonexpansive mappings was proved in 
[6] when X is Hilbert space. 
In Section 2 it is considered the space J’ formed by all a-nonexpansive 
mappings from C into X, having continuous and bounded Frechet derivative. 
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Endowing +.N with the topology of uniform convergence of the mappings and 
their derivatives we obtain a complete metric space. In this space, it is 
proved that for every y in X, the functional equation x -f(x) =y has 
generically a finite number of solutions. This result has been proved in [S] 
for compact differentiable mappings. Estimates for the number of solutions 
of this functional equation are given in [ 131 when f is a-contractive and has 
an analytic extension. The results in this section are applied to derive the 
generic existence of a finite set of fixed points for a-nonexpansive differen- 
tiable mappings. 
Section 3 is devoted to the calculation of the topological degree of I -f for 
f E-J. In [ 10, Chap. 61 it is proved that for every a-nonexpansive mapping 
f: G -+ X, G being an open bounded subset of X, deg(l -f, G, v) is defined if 
y is’ not in (1 -f)@G). It is also proved in [ 10, Chap. 81 that degree can be 
computed if f: G + X is a-contractive differentiable and y is a regular point 
off- by 
deg(l -f, G, v) = c (-p (1) 
xe(r-.r--‘(Y) 
where V(X) is the sum of the multiplicities of the eigenvalues of Df(x) in 
(1, co). This formula does not hold for fe J because it can be infinite 
either (I -J)-‘(JJ) or V(X). We prove in Theorem 7 that (1) holds in a 
residual subset of J. 
1. PROPERNESS AND FIXED POINT THEOREMS 
In the following X will be a Banach space, Sr the family formed by all 
closed and bounded subsets of X, C a fixed set in F and A a convex closed 
subset of X. For every M in ST we denote by a(M) the Kuratowski’s 
noncompactness measure [9, p. 4121 of M. Recall that a mapping) C -+ A is 
said to be a-contractive (k-set-contraction) if f is continuous, f(C) is a 
bounded set and there exists a real number k, 0 < k < 1, such that 
for every set D c C. The number inf{k: (2) holds for every D c C} is called 
the a-modulus of J A mapping f: C + A is said to be a-nonexpansive (l-set- 
contraction) if it is continuous,f(C) is bounded and (2) holds for k = 1. We 
denote Z” the set of all a-nonexpansive mappings from C into A endowed 
with the metric 
m g) = SUPIllf @I -&N x E CI 
for which ,??A is a complete metric space. By YA we denote the subset of %’ 
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formed by all a-contractive mappings. Finally, recall that a continuous 
mapping f: C --t A is said to be proper if f - ‘(K) is a compact set for every 
compact K in X. As usual we denote by R\J the set of the positive integer 
numbers. In a metric space B(a, r) @(a, r)) means the open (closed) ball 
centered at x with radius r, @,A) = inf{d(x, y): x E A} and B(A, r) is the 
set {y:d(y,A) <r}. 
It is well known that Z-f is a proper mapping for every f in YA. The 
result is no longer true when f is in &$ (for instance, choose f = Z if C c A 
and C is noncompact). However, the following theorem shows that 
properness of Z -f is a generic property in gA. 
THEOREM 1. There is a residual subset 8; of 6pA such that for every f in 
ai, the mapping Z -f is proper. 
Proof. Define the function V: &A + R by 
V(f) = lim sup a((Z-fi-l(M)). 
a(M) -10 
MES 
Set 8; = V-‘((0)) = {f E 8: V(f) = O}. Then one has 
(i) YA is contained in 8;. Indeed, let f be a mapping in Y,, k a real 
number, 0 <k < 1, satisfying (2) and M a set in X. Denote N = 
(Z-fl-i(M). Then (Z-n(N) c M and thus N cf (N) + M, which implies 
a(N) < a(f(N)) + a(M) < ka(N) + a(M). Hence a(N) < (1 - k)- ’ a(M). 
Therefore a(N) + 0 as a(M) -+ 0. 
(ii) Z -f is a proper mapping for every f in 8;. Indeed, let K be a 
compact set in X. Since a(K) = 0 and V(f) = 0 we easily get 
a((Z -f )-l(K)) = 0. This implies that (Z -f)-‘(K) lies in a compact set. 
The result follows now from the continuity of Z -J 
(iii) At every f in +?‘A, V is a continuous function. Indeed let f be a 
mapping in 8; and assume by contradiction that V is not continuous at $ 
Then there exists a real number r7 > 0 and a sequence (f,} converging to f 
such that Vdf,) > r,r for every n E N. Since V(f) = 0 there exists a positive 
number E such that a((Z -f )-i(M)) < q/4 if M is in jr and a(M) < E. Since 
V(S,) > r~ we can find a set M, in X for every n E RJ such that a(M,) < e/3 
and a((Z -f,)-‘(M,)) > q/2. Choose n large enough such that d(&,f) < e/3 
and write N,, = (Z -fn)-‘(MJ, U, = B(M,, a/3), V, = (Z -f)-‘(U,). It is 
easy to check that a(U,) < a(M,) + 2s/3 < E. Hence a(V,) < n/4. We claim 
that N,, is contained in V, . Indeed, for every x in N, one has that (Z -f,)(x) 
is in M,. Since ddf,(x),f(x)) < e/3 we get that (Z -f)(x) is in U,. Thus x is 
in V, . Therefore a(N,) < a( V,,) < q//4, contradicting a(N,,) > q/2. 
(iv) 8; is a residual subset of gA. Indeed, for every n E IN the set 
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V-‘( [0, l/n)) contains an open set G, which contains ai. Hence Ki is the 
G,-set (Jr’, G,. Furthermore 8; is a dense subset of 8A because YA is 
contained in 8* and it is easy to check that J$ is a dense subset of gA. 
From Theorem 1 we obtain generic fixed point theorems for a- 
nonexpansive mappings. 
THEOREM 2. Assume C is a convex set. There exists a residual subset 
8;. of 8’c such that for every f E 8; the set ofJxed points off is compact and 
nonempty. 
Proof: Assume 0 E C. For every f in 8; consider the sequence 
LL=Mn + W S ince f, is an a-contractive mapping we have that 0 is in 
(Z-f,)(C) [3]. Thus 0 is in the closure of (Z -f)(C). Since every proper 
mapping is closed the result immediately follows. 
Remark. Theorem 2 has been proved in [2] and [4] with a very different 
and much more arduous technique. 
Using degree theory for a - nonexpansive mappings the following result is 
proved in [ 10, p. 1021, which improves a result of Petryshin [ 141: 
LEMMA 1. Let G be an open subset of X and fi G-+X an a- 
nonexpansive mapping such that 
(a) (Z -f)(G) and (Z -f )(aG) are closed. 
(b) There exists z E G such that f (x) - z # m(x - z) for every x E aG 
andm> 1. 
Then f has a fixed point in G. 
This result and Theorem 1 imply the following improved version of 
Theorem 2: 
THEOREM 3. Let G be as in Lemma 1 and C = G. There exists a 
residual subset 8”; of 8” such that every f in K’; satisfying (b) has a compact 
nonempty set of j?xed points. 
Remarks. (1) In particular condition (b) is satisfied if C is convex and 
f (ac) c c. 
(2) Theorem 3 shows that there exist a-nonexpansive mappings J 
other than Z, for which Z -f is not proper. Otherwise, every a-nonexpansive 
mapping from C into C (C convex closed bounded set) has a fixed point. But 
this result is not true, even if X is a Hilbert space (see [ 11, p. 1261). 
In order to better clarify the significance of these results and those in 
[2,4, 71 it is important to know if & is “small” in 8+X. The following 
theorem answers this question. 
180 TOMAS DOMiNGUEZ BENAVIDES 
THEOREM 4. If C is a noncompact set, YX is of Baire fv-st category 
in gXj. 
Proof. Let Y(n/(n + 1)) be the set of mappings in sc7, with a-modulus 
less or equal than n/(n + 1). Since Y(n/(n + 1)) is closed and 
% = UneN -i*(n/(n + 1)) it suffices to prove that YX is nowhere dense, i.e., 
for everyf in PX and E > 0 there exists g in Z”\y;l such that ddf g) < E. We 
consider two different cases: 
(i) Assume that f is not a locally compact mapping, i.e., there exists 
x, E C such that the closure of f(B( x0, r) f7 C) is not compact for every 
r > 0. 
To prove the theorem in this case let E be a positive arbitrary number and 
choose 6 > 0 such that d(f(x),f(x,)) < e/2 for every x in B = B(x,, 6) n C. 
Since a(f(B)) > 0 the a-modulus h off 1 B satisfies 0 < h < 1. We assume 
without loss of generality that x, = 0 and define g: C + X by 
f(xlh) if ((x(( < 6h 
g(x) = f@x/llxll) if 6h<llxll <6 
f(x) if jJxJJ > 6. 
The mapping g is obviously continuous and satisfies ddf, g) < E. In fact, for 
every x in B, g(x) =f(y) for some y in B. Thus d(g(x),f(x)) < E. We will 
prove that g is in .J$. Let D be a bounded set in C and write 
D, = D n B(0, Sh); D, = {x: dh < llxll < S} f7 D; D, = D\B(O, 6). Then 
a( g(D)) = max{a( g(D,)): i = 1,2,3}. Since g =f in D, and f is in YX one 
has a(g(D,)) < a(D,) Q a(D). For D, we also have 
a(g(D,)) = aUV,lh)) < WD,lh) = 4DA < a(D) 
using the definition of g and the properties of the noncompactness measure. 
Finally, g restricted to {x: 6h < I)x]J < S} is composition of the mappings 
g,(x) = Shx/llxll, g*(x) = x/h and j We claim that g, is a-nonexpansive. 
Indeed, if E is contained in C and x is in E we have 
gl(x)= Wll4l+ (‘(1 - Wllxll) E 4Eu PII. 
Thus g,(E) c co(E U {O}) which implies a(g,(E)) 4 a(co(E U {0))) = a(E). 
Since g, is contractive with modulus l/h and f ) B has a-modulus h we 
obtain that g = f . g, . g, is a-nonexpansive. To conclude the proof in the 
case (i) we will prove that g is not in Y”J, i.e., the a-modulus of g is equal to 
1. Let k be any positive number less than 1 and choose h’ < h such that 
h’/h > k. There exists a bounded set D c B such that au(D)) > h’s(D). 
Thus a( g(hD)) = a(f(D)) > h’s(D) > kha(D) = ka(hD). 
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(ii) Assume that f is a locally compact mapping. 
Let y be the a-modulus off: For every E > 0 define f= f + (E’/~c) I where 
c = sup{llxll: x E C} and E’ = min{s, ~(1 - y)}. ThenJis in YX with modulus 
less or equal than (1 + y)/2, and d(JJ) < s/2. In order to see that Jis not 
locally compact we claim: 
(a) For every x in C and every T > 0, the closure of the set 
B(x, r) n C is noncompact. 
Indeed, assume that there exist x, and r > 0 such that B(x,, r) n C is 
compact. We can suppose x, = 0 without loss of generality. Since C is a 
bounded set, there exists 1 > 1 such that C is contained in U?(O, r). Since C 
is a convex set, containing 0, we have C c dC. Thus C is contained in the set 
L(B(0, r) n C) contradicting that C is a noncompact set. 
To conclude the proof, let x be a point in C and r,, a positive number such 
that f (B(x, rJ) is a relatively compact set. For every r < r,, we have 
a(T(U)) > 0 if U= B(x, r) n C. In fact, (&‘/2c)Ucf(U) -f (CT) which 
implies 
and by (a) a(U) > 0. 
Sinceris in the case (i) we can obtain g in gX\YX such that d(xg) < s/2 
and thus d(f, g) < E. 
2. NUMBER OF SOLUTIONS OF A FUNCTIONAL EQUATION 
We denote by J” the set of all mappings f: C -+ A which satisfy 
(1) f is a-nonexpansive, 
(2) f has continuous Frtchet derivative Df and sup{llDf (x)11: 
x E C} < +a~. This space is endowed with the metric 
d(f,g)=maxlsup{llf(x)-g(x)ll:xE C};sup{llDf(x)-Dg(x)Jl:xE CH 
for which MA is a complete metric space. 
It is easy to check that Theorem 1 also holds for the space MA. Thus we 
can state 
THEOREM 5. There exists a G, dense subset MA of MA such that I-f is 
a proper mapping for every f in -R;. Thus for every y in X and every f in 
-41 (I-f)-‘(y) is a compact (possibly empty) subset of C. 
Denote by JTA the subset of X4 formed by all a-contractive mappings in 
MA, and let y be a point in X. This point is said to be a critical value of 
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Z -f if there exists x E C such that (Z-f)(x) =y and Z - Df(x) is not 
surjective. Otherwise y is said to be a regular value. We say that y is a 
strongly regular value if Z - Df(x) is a topological isomorphism for every x 
in (Z-f)-‘(y). Both regularity conditions are equivalent if f is in MA 
because in this case Z -f is a Fredholm mapping with index zero (see [ 161 
for definition). For fixed y we denote by Sdf) the set (1 -f) - l(y). The 
following lemma is inspired by [5, Proposition 2.31. 
LEMMA 2. Let f be a mapping in A; such that y is a strongly regular 
value of Z -f Then, for every n > 0 there exists E > 0 such that tfg is in AA 
and ddf, g) < E one has d(x, S(f)) < n for every x in S(g). Furthermore E 
can be chosen such that y is strongly regular value of Z - g for every g in 
XL ~1. 
Proof. Let f be a mapping in 4; and assume y is a strongly regular 
value of Z-J: Since Sdf) is a compact set we obtain from the inverse 
function theorem that S(f) is a finite (possibly empty) set. We can choose r~ 
small enough such that Z - Dg(x) is a topological isomorphism for every g 
in AA and x in C satisfying d(f, g) < q and d(x, S(f )) < q. Denote by B the 
open set B(S(f), r~) and set p = inf{]]x -f (x) -y](: x & B}. We claim that 
p > 0. Otherwise there exists a sequence {x,} in C\B such that 
II&t -f(x,) -YII -+ 0. w e will prove that {x,: n E N} is a precompact set. 
Indeed, for every k E N there is a positive integer nk such that (Z -f )(x,) is 
in B( y, l/k) for n > nk. Since V(f) = 0, for every 6 > 0 there exists 6’ > 0 
such that a((Z-f)-‘(A)) < 6 if a(A) < 6’ and A E 7. Choose k such that 
2/k < 8’. Then a&y, l/k)) < 6’ implies a((Z -f)-‘(&y, l/k))) < 6. Thus 
a({x, : n > nk}) < 6 and therefore a({~, : n E N }) < 6. Since 6 is arbitrary 
(x,, :n E N } is a precompact set. Hence there exists a subsequence, denoted 
again {xX}, converging to a point ff in C\B. But this point satisfies 
2-f (2) -y = 0, contradicting that f is C\B. Put E = min{,u/2, r~}. For 
every g in B(f, E) and every x in S(g) we have 
Therefore x is in B, i.e., d(x, S(f)) < r~. First assertion is proved. 
Furthermore since d(J g) ( r~ we obtain that Z - Dg(x) is a topological 
isomorphism. 
LEMMA 3. Let f be a mapping in MA, y a strongly regular value off and 
x0 a point in S(f). There exist r > 0 and S > 0 such that for every g in 
B(f, 6) there is a unique solution of x -g(x) = y in B(x,, , r). 
Proof It can be made following an argument as in the classical proof of 
the inverse function theorem. 
SOME GENERIC PROPERTIES 183 
THEOREM 6. Let y be a point in X. There exists a residual subset A$ of 
MA such that for every f in AA , * Sdf) is a finite (possibly empty) set. 
Furthermore the function f + card S(f) is constant on each connected 
component of AT. 
Proof: We assume without loss of generality that 0 EA. Denote by JVA 
the subset of JYA formed by all mappings f such that y is a regular value of 
Z-f: From Lemma 2, for every f in NA there exists a positive number ef 
such that y is a strongly regular value of every mapping g in Bdf, ef). Denote 
by fl the set u {B(f, .Q:f E xi}. Then Q is an open dense subset of AA. 
Indeed, for every f in MA and every positive number E, write 
M= suPolf@)ll: x E Cl, and choose g = (1 - 42M)f: Then g is in MA and 
d(f, g) < s/2. If y is a critical value of g we can apply the Sard-Smale 
theorem [ 161 to obtain a vector u, ](u/] < s/2, such that Z - Dg(x) is 
surjective for every x in (I-g)-‘(y + u), i.e., y t 24 is a (strongly) regular 
value of Z-g. Then y is a regular value of the mapping Z - h, where h is 
defined by h(x) = g(x) t u. Furthermore h is in NA and d(f, h) < E. 
Finally, define J: =A; n @. Then Mi is a G, dense subset of J$ and 
for every f in J,!$ we have that y is a strongly regular value off and S(f) is 
a compact set. Thus S(f) is a finite (possibly empty) set. Last assertion 
follows from Lemmas 2 and 3. 
Remark. If X is a complex Banach space and Z -f is an analytic proper 
Fredholm mapping with index zero, it was proved by Schwartz [ 151 and 
Browder [l] that (Z--f)-‘(y) is a finite set. In [13] estimates for the 
number of solutions of x -f(x) = y are given assuming that f has a proper 
analytic extension to the complexification ofX. 
Applying Theorem 6 for y = 0, we obtain the following improved versions 
of Theorem 2 and 3. 
THEOREM 2’. There exists a residual subset M$ of Mc (C convex) such 
that for every f E AZ the set of the fixed points off is finite and nonempty. 
THEOREM 3’. Let G, C be as in Theorem 3. There exists a residual 
subset .Mz of Ax such that if f is in A$ and there exists z in G satisfying 
f(x)-z#m(x-z) 
for every x in 8G and m > 1, then the set of theflxed points off is finite and 
nonempty. 
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3. GENERIC CALCULATION OF DEGREE 
In this section we denote by J (resp., A*) the set -Ir’ (resp., A;), by Jv‘ 
the set XX and assume that C is the closure of an open bounded nonempty 
set G. In [ 10, Chap. 61 is defined deg(Z -f, G, y) for every f in M such that 
y & (I-f)(aG). Furthermore for every f in .fl, deg(Z -f, G, y) can be 
computed for every regular value y off by 
degV -f, G Y) = 1 (-1 y(x) (1) 
xcu-W’(Y) 
where V(X) is the sum of the multiplicities of the eigenvalues of Df(x) in 
(1, co), This formula is no longer true iff belongs to M because in this case 
the set (Z -f)- ‘(u) can be infinite. However, assume that (I -f)) ‘( JJ) is a 
finite set and y is a strongly regular value off (for instance, fE M*). Since 
Df(x) is an a-nonexpansive mapping we know from [12] that the radius of 
the essential spectrum of Df(x) is less or equal than 1. Since 1 is not in 
@f(x)) (X E (Z -f)-‘(JJ)) there are only finitely many eigenvalues of 
Df(x) in (1, co). Furthermore for every eigenvalue J. > 1 of Df(x) we have 
that 1- ‘Df(x) is an a-contractive mapping. Hence the set 
Ker(Z - U’Df(x)) = Ker@Z - Df(x)) 
is finite dimensional. Thus V(X) is defined if fE M* and so the right side of 
formula (1) makes sense. Actually we will prove that this formula holds for 
every f EX*. 
Denote by L(X) the set of all linear continuous mappings from X into X. 
For every TEL(X), we write F for. its complexification. We say that 
T E L,(X) if a(n n [ 1, co) consists of a finite number of points each of 
which is isolated in o(o and of a finite multiplicity. For every T E L,(X), 
v(T) denotes the sum of the multiplicities of the eigenvalues of T in (1, co). 
The following lemma will be used. 
LEMMA 4 [ 10, p. 1251. Suppose that T E L,,(X) and 1 & a(T). There is 
6 > 0 such that if T, E L(X) and 1) T - T, 1) < 6, then T, E L,(X), 1 @ a(T,) 
and (-l)“(Q) z.z (-l)“(T). 
THEOREM 7. Let y be a point in X. For every f EM* satisfying 
y 6Z (Z -f)(X) one has: 
(a) S(f) is afznite set. 
(b) v(x) is finite for every x in S(f). 
(c) Formula (1) holds. 
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Proof: (a) and (b) have been proved. For every x in S(j) we know that 
1 & o(D)(x)). We claim that AZ - Df(x) is a Fredholm operator with index 
zero for every A > 1. Indeed, for 1= 1, Z - D?(x) is a topological 
isomorphism, and for A > 1, AZ - Df( x is a Fredholm operator with index ) 
zero because E’Df(x) is a-contractive. In [8] it is proved that the above 
condition for AZ - D)(x) implies that Df(x) E L,(x). Write S(J) = 
IX , ,..., xk} and choose a sequence {f,} in J* nJ” converging to f, such 
that y & (Z -f,)(aG). For n large enough we get from Lemmas 1 and 2 that 
S(f”) = 1x: ,...> xi} where {xl} -+ xi (i = I,..., n). Since {Df,(x;)} + Of (xi) 
Lemma 4 implies V(D)f,(X~)) = V(Df (Xi)) f or n large enough. Since formula 
(1) holds for every f, [ 17, Corollary 51, the continuity of degree implies 
formula (1) in A*. 
Remark. Let it be the number of points of (Z -f) - l(y) for f E A*. It is 
clear by formula (1) that deg(Z -f, G, y) - n (mod 2). Furthermore if f is 
l-l deg(Z -f, G,y) = *I. This result was proved by Nussbaum [ 131 when f 
is in/“. 
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